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REILLY-TYPE INEQUALITIES FOR p-LAPLACIAN ON
SUBMANIFOLDS IN SPACE FORMS
HANG CHEN AND GUOFANG WEI
Abstract. LetM be an n-dimensional closed orientable submanifold in anN-dimensional
space form. When 1 < p ≤ n
2
+1, we obtain an upper bound for the first nonzero eigen-
value of the p-Laplacian in terms of the mean curvature of M and the curvature of
the space form. This generalizes the Reilly inequality for the Laplacian [9, 15] to the
p-Laplacian and extends the work of [8] for the p-Laplacian.
1. Introduction
Let M be an n-dimensional compact Riemannian manifold. The p-Laplacian (p > 1) is
a second order quasilinear elliptic operator on M defined by
∆pu = div(|∇u|
p−2u). (1.1)
It is the usual Laplacian when p = 2. Similar with Laplacian, one can consider the
eigenvalue problem of ∆p. A real number λ is called a Dirichlet (or Neumann) eigenvalue if
there exists a non-zero function u satisfying the following equation with Dirichlet boundary
condition u ≡ 0 on ∂M (or Neumann boundary condition ∇νu ≡ 0 on ∂M):
∆pu = −λ|u|
p−2u on M, (1.2)
where ν is the outward normal on ∂M .
So far, many estimates for the first eigenvalue of Laplacian have been generalized to ∆p.
For instance, Matei [12] extended Cheng’s first Dirichlet eigenvalue comparison of balls
[6] to the p-Laplacian. For closed Riemannian manifolds with Ricci curvature bounded
below by (n− 1)K, a sharp lower bound for the first nontrivial eigenvalue of p-Laplacian
was obtained by Matei [12] for K > 0, Valtora [17] for K = 0 and Naber-Valtora [14] for
general real number K respectively, see also [1, 2]. Recently, Seto-Wei [16] gave various
estimates of the first eigenvalue of the p-Laplacian on closed Riemannian manifolds with
integral curvature condition.
Now we consider a Riemannian manifoldM without boundary. The first nonzero eigen-
value of ∆p, denoted by λ1,p, has a Rayleigh type variational characterization (cf. [18]):
λ1,p = inf
{∫
M |∇u|
p∫
M |u|
p
∣∣∣u ∈W 1,p(M)\{0},
∫
M
|u|p−2u = 0
}
. (1.3)
When M is a submanifold immersed in MNc , where M
N
c is the N -dimensional simply con-
nected space form of constant sectional curvature c and represents the Euclidean space RN ,
the unit sphere SN(1) and the hyperbolic space HN (−1) for c = 0, 1 and −1 respectively,
there is a well-known estimate for the first nonzero eigenvalue of Laplacian.
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Theorem 1.1 (cf. [9, 15]). Let M be an n-dimensional closed orientable submanifold in
an N -dimensional space form MNc . Then the first non-zero eigenvalue λ
∆
1 of Laplacian
satisfies
λ∆1 ≤
n
vol(M)
∫
M
(
|H|2 + c
)
, (1.4)
where H is the mean curvature vector of M in MNc , and vol(M) is the volume of M .
Moreover, the equality holds in (1.4) if and only if M is minimally immersed in a geodesic
sphere of radius rc of M
N
c with r0 =
(
n
/
λ∆1
)1/2
, r1 = arcsin r0 and r−1 = arcsinh r0.
R. Reilly first proved (1.4) for c = 0 in [15], hence (1.4) is usually referred “Reilly
inequality”. For the case c = 1, by embedding the sphere SN (1)→ RN+1, one can reduce
it to the case c = 0. In these case, one can move the center of M to the origin and then
the coordinate functions can be used as test functions. But this does not work for c = −1.
The case c = −1 was proved by El Soufi and Ilias in [9] by conformally mapping HN (−1)
to SN (1).
Recently, F. Du and J. Mao [8] extended the eigenvalue estimate to the p-Laplacian for
c = 0, 1.
Theorem 1.2 (cf. Theorem 1.2 and Theorem 1.5 in [8]). Let M be an n-dimensional
closed orientable submanifold in an N -dimensional space form MNc . For p > 1, the first
non-zero eigenvalue λ1,p of the p-Laplacian satisfies
λ1,p ≤


N |2−p|/2
np/2(
vol(M)
)p−1
(∫
M
|H|
p
(p−1)
)p−1
for c = 0, (1.5)
(N + 1)|2−p|/2
np/2(
vol(M)
)p−1
(∫
M
(
1 + |H|2
) p
2(p−1)
)p−1
for c = 1. (1.6)
In this paper, we generalize the Reilly inequality (1.4) to the case of p-Laplacian for all
c. Our main theorem is the following.
Theorem 1.3. Let M be an n(≥ 2)-dimensional closed orientable submanifold in an N -
dimensional space form MNc . Then the first non-zero eigenvalue λ1,p of the p-Laplacian
satisfies
λ1,p ≤


(N + 1)1−
p
2
np/2(
vol(M)
)p/2
(∫
M
(
c+ |H|2
))p/2
for 1 < p ≤ 2, (1.7)
(N + 1)
p
2
−1 n
p/2
vol(M)
∫
M
(|c+ |H|2|)p/2 for 2 < p ≤ n2 + 1 . (1.8)
Moreover, the equality holds if and only if p = 2 andM is minimally immersed in a geodesic
sphere of radius rc of M
N
c with r0 =
(
n
/
λ∆1
)1/2
, r1 = arcsin r0 and r−1 = arcsinh r0.
Remark 1.4. When p = 2 our estimate recovers (1.4). When 1 < p ≤ 2, we have
p
2(p−1) ≥ 1. Then by Ho¨lder inequality, we have∫
M
(
c+ |H|2
)
≤
(
vol(M)
)1− 2(p−1)
p
( ∫
M
(
c+ |H|2
) p
2(p−1)
) 2(p−1)
p
.
Hence, the upper bound in (1.7) is better than (1.6) for c = 1.
When 2 < p ≤ n2 + 1, (1.8) is weaker than (1.5) and (1.6) for c = 0 and c = 1. But
(1.8) is a new estimate for c = −1.
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Remark 1.5. Matei [13] gave an upper bound for λ1,p in terms of conformal volume when
1 < p ≤ dimM .
This paper is organized as follows. In Section 2, we recall structure equations for
a submanifold M in MNc . We also show how some geometric quantities change when
the metric on MNc changes under the conformal transformation. In Section 3, we prove
Theorem 1.3. To estimate the upper bound of λ1,p, as the method in [8] does not work
for c = −1, we find suitable test functions by conformal transformation to a unit sphere.
Acknowledgment: This work is done while the first author is visiting UCSB. He
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2. Preliminaries and notations
In this section, we recall some well-known facts on geometry of submanifolds and con-
formal geometry by using the moving frame method. We use the following convention on
the ranges of indices except special declaration:
1 ≤ i, j, k, . . . ≤ n; n+ 1 ≤ α, β, γ, . . . ≤ N ; 1 ≤ A,B,C, . . . ≤ N.
2.1. Structure equations for submanifolds. Let x be the immersion from Mn to an
N -dimensional Riemannian manifold (M¯ , g¯). Then M has an induced metric gM = x
∗g¯.
We denote the Levi-Civita connections on M and M¯ by ∇ and ∇¯ respectively. Choose
an orthonormal frame {eA}
N
A=1 on M¯ such that {ei}
n
i=1 are tangent to M and {eα}
N
α=n+1
are normal to M . Let {ωA}
N
A=1 be the dual coframe of {eA}
N
A=1. Then the structure
equations of M¯ are (cf. [7]):

dωA =
∑
B
ωAB ∧ ωB, ωAB + ωBA = 0,
dωAB −
∑
C
ωAC ∧ ωCB = −
1
2
∑
C,D
R¯ABCD ωC ∧ ωD,
(2.1)
where {ωAB} are the connection forms on M¯ , and R¯ABCD are components of the curvature
tensor of M¯ .
Denote x∗ωA = θA, x
∗ωAB = θAB , then restricted to M , we have (cf. [7])
θα = 0, θiα =
∑
j
hαijθj. (2.2)
and 

dθi =
∑
j
θij ∧ θj, θij + θji = 0,
dθij −
∑
k
θik ∧ θkj = −
1
2
∑
k,l
Rijkl θk ∧ θl;
(2.3)
where Rijkl are components of the curvature tensor of M , and h
α
ij are components of the
second fundamental form of M in M¯ .
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We take M¯ = MNc , then R¯ABCD = c(δACδBD − δADδBC). Pulling back (2.1) by x and
using (2.2) and (2.3), we obtain the Gauss equations
Rijkl = (δikδjl − δilδjk)c+
∑
α
(hαikh
α
jl − h
α
ilh
α
jk), (2.4)
R = n(n− 1)c+ n2H2 − S, (2.5)
where R is the scalar curvature of M , S =
∑
α,i,j
(hαij)
2 is the norm square of the second
fundamental form, H =
∑
α
Hαeα =
1
n
∑
α
(
∑
i
hαii)eα is the mean curvature vector of M , and
H = |H|.
2.2. Conformal relations. In this subsection, we focus on how curvature and the second
fundamental form change under the conformal transformation. Although these relations
are well-known (cf. [3, 4]), we give a brief proof for readers’ convenience, by using the
moving frame method.
Now assume that M¯ is equipped with a new metric ˜¯g = e2ρg¯ which is conformal to
g¯, where ρ ∈ C∞(M¯). Then {e˜A = e
−ρeA} is an orthonormal frame of (M¯, ˜¯g), and
{ω˜A = e
ρωA} is the dual coframe of {e˜A}. The structure equations of (M¯ , ˜¯g) are given by


dω˜A =
∑
B
ω˜AB ∧ ω˜B,
ω˜AB + ω˜BA = 0,
(2.6)
where {ω˜AB} are the connection forms on (M¯ , ˜¯g). Denoting g˜M = x
∗˜¯g, x∗ω˜A = θ˜A, x
∗ω˜AB =
θ˜AB, then restricted to (M, g˜M ), we have
θ˜α = 0, θ˜iα =
∑
j
h˜αij θ˜j, (2.7)
and 

dθ˜i =
∑
j
θ˜ij ∧ θ˜j, θ˜ij + θ˜ji = 0,
dθ˜ij −
∑
k
θ˜ik ∧ θ˜kj = −
1
2
∑
k,l
R˜ijkl θ˜k ∧ θ˜l;
(2.8)
where R˜ijkl are components of the curvature tensor of (M, g˜M ) and h˜
α
ij are components of
the second fundamental form of (M, g˜M ) in (M¯, ˜¯g).
From (2.1) and (2.6), we can solve
ω˜AB = ωAB + ρAωB − ρBωA, (2.9)
where ρA is the covariant derivative of ρ with respect to eA, i.e. dρ =
∑
A ρAeA.
We derive from (2.3), (2.9) and (2.8)
e2ρR˜ijkl =Rijkl − (ρikδjl + ρjlδik − ρilδjk − ρjkδil)
+ (ρiρkδjl + ρjρlδik − ρjρkδil − ρiρlδjk)
− |∇ρ|2(δikδjl − δilδjk). (2.10)
By pulling back (2.9) to M by x and using (2.2) and (2.7), we have
h˜αij = e
−ρ(hαij − ραδij), H˜
α = e−ρ(Hα − ρα), (2.11)
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from this, it is easy to show the well-known relation
e2ρ(S˜ − nH˜2) = S − nH2. (2.12)
3. Proof of Theorem 1.3
In this section, we prove our main result, Theorem 1.3. At first, we recall some lemmas
from [13] to our setting. For convenience of the reader, we also give the proof here as we
need the proof to analyse the equality case.
Lemma 3.1 (cf. Lemma 2.6 in [13]). Let x : M → MNc be the immersion from an n-
dimensional closed orientable submanifold to an N -dimensional space form MNc . Then
for p > 1, there exists a regular conformal map Γ : MNc → S
N(1) ⊂ RN+1 such that the
immersion Φ = Γ ◦ x = (Φ1, · · · ,ΦN+1) satisfies that∫
M
|ΦA|p−2ΦA dvM = 0, A = 1, . . . , N + 1. (3.1)
Proof. The main idea of Lemma 3.1 is inspired by the case p = 2 (cf. [10, 11]).
First observe that there is the standard conformal map Πc from M
N
c to S
N (1). Here Πc
is identity when c = 1, and Πc can be given by the stereographic projection when c = 0
or c = −1.
For any a ∈ SN (1), consider the flow γat generated by the vector field Va(x) = a−〈x, a〉x
on SN (1). In fact, γat = pi
−1
a (e
tpia(x)), x ∈ S
N (1), where pia is the stereographic projection
of pole a. It is easy to see that γa0 is identity map on S
N (1), and γat (x) → a for any
x ∈ SN (1) as t→ +∞.
We claim there is a γat such that Γ = γ
a
t ◦ Πc satisfies the required property (3.1). If
not, we can define a map F (t, a) : [0,+∞)× SN (1)→ SN (1) as follows:
F (t, a) =
(
∫
M |Φ
1|p−2Φ1, · · · ,
∫
M |Φ
N+1|p−2ΦN+1)
‖(
∫
M |Φ
1|p−2Φ1, · · · ,
∫
M |Φ
N+1|p−2ΦN+1)‖
. (3.2)
Now F (0, ·) maps any a ∈ SN (1) to a fixed point in SN (1). And F (+∞, ·) maps a =
(a1, · · · , aN+1) ∈ SN (1) to (|a
1|p−2a1,··· ,|aN+1|p−2aN+1)
‖(|a1|p−2a1,··· ,|aN+1|p−2aN+1)‖
, which is bijective. So degF (0, ·) =
0 and degF (+∞, ·) is odd. But F (·, ·) gives a homotopy between F (0, ·) and F (+∞, ·),
which is a contradiction. So we complete the proof. ⊓⊔
Using the test function constructed in the above lemma, we can get an upper bound
for λ1,p in terms of the conformal function, compare Lemma 2.7 in [13].
Lemma 3.2. Let M be an n(≥ 2)-dimensional closed orientable submanifold in an N -
dimensional space form MNc . Denote by hc the standard metric on M
N
c and assume Γ
∗h1 =
e2ρhc, where Γ is the conformal map in Lemma 3.1. Then we have, for all p > 1,
λ1,p vol(M) ≤ (N + 1)
|1−p/2|np/2
∫
M
(e2ρ)p/2. (3.3)
Proof. By Lemma 3.1, we can choose ΦA as the test function, so
λ1,p
∫
M
|ΦA|p ≤ |∇ΦA|p, 1 ≤ A ≤ N + 1. (3.4)
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Note that
∑N+1
A=1 |Φ
A|2 = 1, then |ΦA| ≤ 1. We also have
N+1∑
A=1
|∇ΦA|2 =
n∑
i=1
|∇eiΦ|
2 = ne2ρ. (3.5)
When 1 < p ≤ 2, we have
|ΦA|2 ≤ |ΦA|p, (3.6)
Then by using (3.4), (3.5), (3.6) and the Ho¨lder inequality, we have
λ1,p vol(M) = λ1,p
N+1∑
A=1
∫
M
|ΦA|2
≤ λ1,p
N+1∑
A=1
∫
M
|ΦA|p ≤
∫
M
N+1∑
A=1
|∇ΦA|p
≤ (N + 1)1−p/2
∫
M
(N+1∑
A=1
|∇ΦA|2
)p/2
= (N + 1)1−p/2
∫
M
(ne2ρ)p/2.
This is (3.3).
When p ≥ 2, the Ho¨lder inequality gives
1 =
N+1∑
A=1
|ΦA|2 ≤ (N + 1)1−
2
p (
N+1∑
A=1
|ΦA|p)2/p, (3.7)
from which we have
λ1,p vol(M) ≤ (N + 1)
p
2
−1
(N+1∑
A=1
λ1,p
∫
M
|ΦA|p
)
. (3.8)
On the other hand, we have
N+1∑
A=1
|∇ΦA|p ≤ (
N+1∑
A=1
|∇ΦA|2)p/2 = (ne2ρ)p/2. (3.9)
Hence (3.3) follows from (3.4), (3.8) and (3.9). ⊓⊔
Proof of Theorem 1.3. When 1 < p ≤ 2, then p/2 ≤ 1. Using Lemma 3.2 and the Ho¨lder
inequality, we have
λ1,p vol(M) ≤ (N + 1)
1−p/2np/2
∫
M
(e2ρ)p/2
≤ (N + 1)1−p/2np/2
(
vol(M)
)1−p/2(∫
M
e2ρ
)p/2
.
Note that we can compute e2ρ using the conformal relations and Gauss equations as
follows. We take M¯ = MNc , g˜ = hc, ˜¯g = Γ
∗h1 in Subsection 2.2. From (2.5), the Gauss
equations for the immersion x and the immersion Φ = Γ ◦ x are respectively:
R =n(n− 1)c + n(n− 1)H2 + (nH2 − S), (3.10)
R˜ =n(n− 1) + n(n− 1)H˜2 + (nH˜2 − S˜). (3.11)
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Contracting (2.10) we have
e2ρR˜ = R− (n− 2)(n − 1)|∇ρ|2 − 2(n− 1)∆ρ. (3.12)
Now from (3.10), (3.11), (3.12), (2.11) and (2.12), we derive
n(n− 1)(e2ρ − c) + n(n− 1)
∑
α
(Hα − ρα)
2 − n(n− 1)H2
=− (n− 2)(n − 1)|∇ρ|2 − 2(n− 1)∆ρ,
divided by n(n− 1) on both sides, we obtain
e2ρ = (c+ |H|2)−
2
n
∆ρ−
n− 2
n
|∇ρ|2 − |(∇¯ρ)⊥ −H|2. (3.13)
Hence,
λ1,p vol(M) ≤ (N + 1)
1−p/2np/2
(
vol(M)
)1−p/2(∫
M
e2ρ
)p/2
≤ (N + 1)1−p/2
np/2(
vol(M)
)p/2−1
(∫
M
(
c+ |H|2
))p/2
,
which is equivalent to (1.7).
When p > 2, we cannot use
∫
M (e
2ρ) to control
∫
M (e
2ρ)p/2 by applying Ho¨lder inequality
directly. Instead multiplying e(p−2)ρ on both sides of (3.13), and then integrating on M
(cf. [5]), we obtain
∫
M
epρ ≤
∫
M
(c+ |H|2)e(p−2)ρ −
∫
M
n− 2− 2(p − 2)
n
e(p−2)|∇ρ|2 ≤
∫
M
(c+ |H|2)e(p−2)ρ.
(3.14)
where we used the assumption n ≥ 2p − 2.
On the other hand, by Young’s inequality, we have∫
M
(c+ |H|2)e(p−2)ρ ≤
1
p/2
∫
M
(|c+ |H|2|)p/2 +
1
p/(p− 2)
∫
M
epρ. (3.15)
Hence we obtain ∫
M
epρ ≤
∫
M
(|c+ |H|2|)p/2. (3.16)
from (3.14) and (3.15). Putting (3.16) into (3.3), we obtain (1.8).
Now we check the equality case. When the equality holds in (1.7), by checking (3.4) and
(3.6), we must have |ΦA|2 = |ΦA|p and ∆pΦ
A = −λ1,p|Φ
A|p−2ΦA for each A = 1, · · · , N+1.
If 1 < p < 2, then |ΦA| = 0 or 1. But
∑N+1
A=1 |Φ
A|2 = 1, so there is exactly one A such
that |ΦA| = 1 and then λ1,p = 0, which is a contradiction. Hence p = 2 and it reduces to
the Laplacian case. We can complete the proof by using Theorem 1.1.
When equality holds in (1.8), suppose p > 2, then (3.8) and (3.9) must become the
equalities, which means
|Φ1|p = · · · = |ΦN+1|p,
and there exists some A such that |∇ΦA| = 0. So ΦA is constant and then λ1,p = 0, which
is a contradiction. ⊓⊔
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